Introduction.
The coupled non linear system given by the Vlasov-Maxwell equations is a classical model in the kinetic theory of plasma. The main assumption underlying the model is that collisions are so rare that they may be neglected.
Consider Ω an open bounded subset of R 3 x , with boundary ∂Ω regular. We introduce the notations Σ = ∂Ω × R 3 p and :
where n(x) is the unit outward normal to ∂Ω at x and v(p) is the velocity associated to some energy function E(p) by v(p) = ∇ p E(p), p ∈ R 3 p . The functions to be considered are : 2) for the classical case and : for the relativistic case, where m is the mass of particles, c 0 is the light speed in the vacuum. We denote by f (t, x, p) the particles distribution depending on the time t, the position x ∈ Ω and the momentum p ∈ R
E(p)
=
p and by (E(t, x), B(t, x)) the electro-magnetic field depending on t and x. If we note by F (t, x, p) = q · (E(t, x) + v(p) ∧ B(t, x)
) the electro-magnetic force, the Vlasov problem is given by :
4)
f (t, x, p) = g(t, x, p), (t, x, p) ∈ R t × Σ − , (1.5) where q is the charge of particles and g represents the distribution of the incoming particles, which is a given T periodic function. Some other boundary conditions can be considered as we will see later on. The problem (1.4), (1.5) is coupled with the Maxwell equations : (1.6) with the boundary condition :
n(x) ∧ E(t, x) + c 0 · n(x) ∧ (n(x) ∧ B(t, x)) = h(t, x), (t, x) ∈ R t × ∂Ω, (1.7) where ε 0 is the permittivity of the vacuum, j(t, x) = q R 3 p f (t, x, p)v(p)dp is the current density and h is a given T periodic function on the boundary R t × ∂Ω such that (n · h)| R t ×∂Ω = 0. We introduce also the permeability of the vacuum, µ 0 , given by ε 0 · µ 0 · c 2 0 = 1. When the magnetic field is neglected, the electric field derives from a potential E = −∇ x Φ and we obtain the Vlasov-Poisson system :
where ϕ 0 is the potential on the boundary R t × ∂Ω. This model can be justified for large light speed (c 0 → +∞), see Degond [12] . The aim of this paper is to prove the existence of time T periodic solution for the three dimensional Vlasov-Maxwell system (1.4), (1.5), (1.6), (1.7) when the boundary conditions are supposed T periodic, with T > 0 fixed. The hypothesis on the boundary data will be detailed later on, typically we suppose that the incoming energy is bounded T
Σ − |(v(p) · n(x))|g(t, x, p)E(p)dtdσdp < +∞ and
T 0 ∂Ω |h| 2 (t, x) dtdσ < +∞. Various results were obtained for the free space system of Vlasov-Poisson. Weak solutions were constructed by Arseneev [1] , Horst and Hunze [24] . The existence of classical solutions has been studied by Ukai and Okabe [32] , Horst [23] , Batt [2] , Pfaffelmoser [28] . The existence of global classical solutions for the Vlasov-Poisson equations with small initial data is a result of Bardos and Degond [5] , see also Schaeffer [30] , [31] . The propagation of the moments for the three dimensional Vlasov-Poisson system was studied by Lions and Perthame in [27] . The existence of global weak solution for the Vlasov-Maxwell system in three dimensions was obtained by DiPerna and Lions [14] , one of the key points being the compactness result of velocity averages (see also [19] ). Results for the relativistic case were obtained by Glassey and Schaeffer [17] , Glassey and Strauss [18] .
Results for the initial-boundary value problem were obtained by Ben Abdallah [7] for the Vlasov-Poisson system in three dimensions and Guo [21] for the Vlasov-Maxwell system. The stationary problem for the Vlasov-Poisson equations was studied by Greengard and Raviart [20] in one dimension and by Poupaud [29] in three dimensions for the Vlasov-Maxwell system. An asymptotic analysis of the Vlasov-Poisson system was done by Degond and Raviart [13] in the case of the plane diode. The regularity of the solutions for the Vlasov-Maxwell system in a half line has been studied by Guo [22] . Results for the one dimensional time periodic case can be found in [9] for the Vlasov-Poisson system and in [8] for the Vlasov-Maxwell system. The N dimensional N ≥ 2 time periodic Vlasov-Poisson system is studied in [10] . General results for transport theory were obtained by Bardos [4] , DiPerna and Lions [15] , Beals and Protopopescu [6] .
As usual we start by analyzing a regularized system for which the existence of solution follows by fixed point methods (the Schauder theorem). As a second step we need to establish a priori estimates for the regularized solutions, namely to find uniform bounds for the total (kinetic and electro-magnetic) energy. First, by using the conservation laws of the mass and the energy we obtain as usual :
|(v(p) · n(x))|g(t, x, p)(1 + E(p)) dσdp
(1.8)
If for the initial-boundary value problems the equation (1.8) provides immediately bounds for the total energy after integration on [0, t], t > 0, the situation is different for the time periodic case, since in this case initial data are not available. Nevertheless, after integration of (1.8) over a period we obtain :
In order to estimate the total energy we use also the momentum conservation law. We suppose that ∂Ω is strictly star-shaped with respect to some point x 0 ∈ Ω i.e., ∃r > 0 such that (n(x)·(x−x 0 )) ≥ r, ∀x ∈ ∂Ω, and we multiply the Vlasov equation by the test function (p · (x − x 0 )) :
By using the Maxwell equations the last integral in the above equation can be written :
We use also the identity
p . After integration by parts and direct computations the equations (1.10), (1.11) yield : 12) where R = sup x∈∂Ω |x − x 0 |. The estimate (1.12) together with (1.9) clearly give the desired bounds. There is another important point to be clarified : in the above computations we used the divergence equations div E = ρ ε0 , div B = 0. In the case of initial value problem these equations hold true as soon as they are verified by the initial data. In the time periodic case the idea is to regularize the Vlasov-Maxwell equations and to use the time periodicity. Indeed we consider T periodic solutions for the perturbed equations :
where α > 0 is a small parameter. Note that the continuity equation is in this case αρ+∂ t ρ+div j = 0. As usual, by taking the divergence in the perturbed Maxwell equations we find (α + ∂ t )(div E − ρ ε0 ) = 0, (α + ∂ t )div B = 0 and by time periodicity we deduce that div E = ρ ε0 , div B = 0. Once we have obtained uniform estimates for the total energy of the solutions for the regularized VlasovMaxwell system, the existence of T periodic weak solution for the non perturbed Vlasov-Maxwell system follows easily by weak stability results (cf. [14] ).
The content of this paper is organized as follows: first we recall some basic definitions and results concerning the Vlasov problem. The time periodic Maxwell equations are studied in section 3. In section 4 we prove the existence for the regularized Vlasov-Maxwell system by using a fixed point technique. In the next section we obtain the a priori estimates by using the conservation laws of the mass, momentum and energy. In section 6 we perform the passing to the limit for the sequence of regularized solutions. We end with some remarks concerning the system with specular boundary condition.
The Vlasov equation.
The Vlasov equation describes the evolution of a population of charged particles under the action of the electro-magnetic force. In this section we suppose that the electro-magnetic field is a given T periodic function (E, B). The time periodic Vlasov problem is given by :
By taking into account that ∇ (x,p) · (v(p), F (t, x, p)) = 0, the equation (2.1) can be written also :
Since there is no uniqueness for the Vlasov problem (2.1), (2.2) (because the distribution function can take arbitrary constant values on the characteristics which remain in the domain), it is convenient to consider also the perturbed problem : 
4)
for all test function which belongs to : 
The mild formulation follows formally by solving :
p , with the boundary condition ϕ| Rt×Σ + = 0. By integration along the characteristic curves we obtain :
and we define the mild solution by : 
for all test function which belongs to :
For α = 0 one gets the definitions of the weak/mild solution for the Vlasov problem (2.1), (2.2). The existence of the T periodic mild solution is a standard result and follows by change of variables along characteristics (see also the Remark 2.6). Proof
and therefore (cf. [4] , [15] ) we obtain :
p we deduce that :
Remark 2.9. Under the same hypothesis as in Proposition 2.4, with g ≥ 0,
Proof. By applying the mild formulation with the test function ψ(t, x, p) = χ R (|p|) where
The conclusion follows by letting R → +∞ and by using the monotone convergence theorem.
The Maxwell equations.
In this section we assume that the charge and current densities ρ = q · R 3 p f dp, j = q · R 3 p v(p)f dp are given T periodic functions and we study the time periodic Maxwell equations :
On the boundary we impose the Silver-Müller condition :
In order to be consistent to the perturbed Vlasov problem we consider also the perturbed Maxwell equations :
where α > 0 is fixed. Let us introduce the standard Hilbert spaces H(rot ; Ω), H(div ; Ω) defined by :
endowed with the norms :
It is well known that C 1 (Ω) 3 is dense in H(rot ; Ω) and H(div ; Ω) (see [16] ). The application
extends by continuity to a continuous linear map n∧ :
By the other hand, the
and define A : D(A) ⊂ H → H given by :
and :
We check by direct computations that for (E, B) ∈ D(A) we have :
We have the following result (see [26] ) :
The operator A is maximal monotone.
Proposition 3.2. The adjoint of the unbounded operator A is given by A : D(A ) ⊂ H → H where :
Remark 3.3. By direct computation we check that for (E, B) ∈ D(A ) we have :
and as before we can prove that A is maximal monotone (see also [11] , p.113).
In order to solve the perturbed periodic Maxwell equations we establish an easy existence and uniqueness result for general perturbed evolution equations. We will need the following lemma :
is a T periodic function and α > 0 is fixed. Then :
Finally we deduce that :
Moreover, we have the following estimates :
Proof. Consider an arbitrary x 0 ∈ D(A) and denote by x(·; 0,
the unique solution of (3.5) with the initial condition x 0 . We have :
After multiplication by x(t + T ) − x(t), by using the monotonicity of A we obtain :
If we denote by (x n ) n the functions x n (t) = x(nT + t), 0 ≤ t ≤ T, n ≥ 0 we deduce that :
and therefore
we have :
After multiplication by y h (t + T ) − y h (t) we deduce as before that
and by passing h 0 we obtain :
In particular
. In order to estimate ξ observe that :
which implies by using the Bellman lemma that :
From the Lemma 3.4 we deduce that
. In order to estimate ξ we write αy h (t) + y h (t) + Ay h (t) = f (t + h) − f (t) and as before we deduce that for h > 0, t ≥ 0 :
By passing to the limit for h 0 one gets :
and thus by using the Lemma 3.4 finally we find that
. The uniqueness of the periodic solution follows easily by standard arguments : consider ξ 1 , ξ 2 two periodic solutions. We have as before that :
Remark 3.6. The previous result holds for f ∈ W 1,1 loc (R t ; H), T periodic (see also [3] , p. 138).
Proof.
, T periodic and remark that the corresponding solutions (x ε ) ε>0 converge in C 1 (R t ; H).
Remark 3.7. The equation α · x(t) − x (t) + Ax(t) = f (t), t ∈ R t has also an unique T periodic solution verifying the same estimates (take x(t) = y(T − t), 0 ≤ t ≤ T , where y solves
By transposition we can define the notion of T periodic weak solution as follows :
We say that x ∈ C(R t ; H) is a T periodic weak solution of (3.5) iff x is T periodic and :
By passing to the limit in respect to n we deduce that ξ is a T periodic weak solution. In order to prove the uniqueness, consider x 1 , x 2 two T periodic weak solutions and therefore we have :
In particular we deduce that
We consider also the equation :
for the equation (3.6) which verifies the estimates :
Proof. The existence and uniqueness of the T periodic solution as well as the first estimate follow by the Proposition 3.5, the Remarks 3.3, 3.7. By the other hand observe that :
After integration on ]0, T [, equation (3.6) gives :
and thus the second estimate follows. We can prove now the existence and uniqueness of the T periodic solution for the perturbed Maxwell equations. Let us start with a result for strong solutions. (3.8) and :
2). Moreover we have :
Proof. In order to prove the uniqueness consider (E 1 , B 1 ), (E 2 , B 2 ) two periodic solutions and observe that, since n ∧ (
After multiplication by (E, B) and integration on ]0, T [ we deduce that (E, B) = (0, 0). In order to prove the existence let us take (
We verify that (E, B) = (E 1 +h, B) is a T periodic solution for (3.3), (3.2) with (n∧E(t), n∧B(t)) ∈ L 2 (∂Ω) 6 . By multiplying (3.3) by (E, B) and by using (3.2) we obtain :
Finally, after integration on ]0, T [ we deduce :
For (f, g) ∈ C 1 (R t ; H), T periodic, consider (ϕ, ψ) the unique T periodic solution of (3.6). After multiplication by (ϕ, ψ) of the perturbed Maxwell equations and integration on ]0, T [ we find that :
By using the Remarks 3.9, 3.11 we verify easily that the previous equality holds for (f, g) ∈ L 1 loc (R t ; H), T periodic, with (ϕ, ψ) the associated T periodic weak solution. By the Proposition 3.10 we deduce that for all (f, g) ∈ L 1 loc (R t ; H), T periodic, we have :
and thus the estimate (3.8) of our proposition follows.
Remark 3.13. In particular the solution constructed above verifies :
is T periodic and : Proof.
. Finally, by passing to the limit for k → +∞ we deduce that (E, B) verifies (3.7), (3.9), (3.8).
Observe also that by the Remark 3.13 we have :
, T periodic, and by passing to the limit for k → +∞ we deduce that :
Similarly we obtain that :
for all ψ ∈ C 1 (R t × Ω) 3 . In order to prove the uniqueness, consider (E 1 , B 1 ), (E 2 , B 2 ) two T periodic weak solutions and observe that (E 1 − E 2 , B 1 − B 2 ) is a T periodic weak solution corresponding to j = 0, h = 0. Thus, by the Remark 3.9 we obtain that E 1 − E 2 = 0, B 1 − B 2 = 0.
The perturbed Vlasov-Maxwell system.
We study now the full perturbed Vlasov-Maxwell system (2.3), (2.2), (3.3), (3.2). We prove the existence of a T periodic solution by using the Schauder fixed point theorem. Let us start by the relativistic case. In this case we have |j(t,
We consider the set :
and define the application F : X → X , F(E, B) = (Ẽ,B) by :
where : (i) (E ε , B ε ) is the convolution of (E, B) (the extension of (E, B) by 0 outside Ω) by ζ ε (t, x) :
(ii) f is the T periodic mild solution of (2.3), (2.2) corresponding to the regular force x) ) (cf. Proposition 2.4) ; (iii) j ε is the convolution of j (the extension of j by 0 outside Ω) by ζ
(iv) (Ẽ,B) is the T periodic weak solution of (3.3), (3.2) (see Proposition 3.15) associated to the current density j ε .
Let us consider M α,ε := c
} which is a convex compact subset in respect to the weak topology of L ∞ (R t ; H).
Proof. By the estimate (3.8) we have :
On the other hand we have :
But from the Remark 2.9 we deduce that :
|(v(p)·n(x))|g(t, x, p) dtdσdp,
and therefore (Ẽ,B) L ∞ (Rt;H) ≤ M α,ε . Proposition 4.2. Assume that g ∈ L ∞ (R t ×Σ − ), h are T periodic, with g ≥ 0, (n·h)| R t ×∂Ω = 0 and T 0 Σ − |(v(p) · n(x))|E(p)g(t, x, p) dtdσdp + T 0 ∂Ω |h(t, x)| 2 dtdσ < +∞.
Then the application F is continuous in respect to the weak topology of L ∞ (R t ; H).
Denote by f k , f the T periodic mild solutions of (2.3) corresponding to the regularized forces
with the boundary conditions (2.2). 6 and by the dominated convergence theorem we deduce that (
. In order to prove thatf is T periodic weak solution of (2.3), (2.2) corresponding to the field (E ζ ε , B ζ ε ), take ϕ ∈ T w and observe that :
By combining with the strong convergence of (E k ζ ε , B k ζ ε ) it is easy to prove thatf is T periodic weak solution for (2.3), (2.2) associated to the field (E ζ ε , B ζ ε ). In fact, by the uniqueness of the T periodic weak solution (see Remark 2.8) we deduce thatf is the T periodic mild solutionf = f . Moreover we can prove that all the sequence (
). Now we want to pass to the limit in the perturbed Maxwell equations. We need to establish the convergence for the regularized current densities (j k ζ √ ε ) k . By using the Green formula (2.7) with the test function ϕ(t, x, p) = |p| · χ R (|p|) we find that :
|(v(p) · n(x))|g(t, x, p)|p|χ R (|p|) dtdσdp
By passing to the limit for R → +∞ we deduce that :
and therefore, since T
Σ − |(v(p)·n(x))|(1+E(p))g(t, x, p) dtdσdp < +∞, we deduce that
|p| dtdxdp is bounded by some constant C, uniformly in k. Similarly we obtain that
We take R δ large enough such that 2C
which implies that
We deduce the pointwise convergence
, ∀k we can suppose that, at least for a subsequence, we have
. By passing to the limit in (4.2) for k → +∞ one gets :
·ϕ(t, x) dtdx, and thus (e, b) = (Ẽ,B) = F(E, B) (the unique T periodic weak solution of (3.3), (3.2) associated to j ζ √ ε ). By the uniqueness of the T periodic weak solution of (3.3), (3.2) we deduce also that all the sequence F(E k , B k ) = (Ẽ k ,B k ) converges to (Ẽ,B) = F(E, B) weakly in L ∞ (R t ; H), or the application F is continuous in respect to the weak topology of L ∞ (R t ; H).
T periodic such that n ∧h| R t ×∂Ω = h. Then, for every α, ε 1 , ε 2 > 0 there is a T periodic solution for the perturbed relativistic Vlasov-Maxwell system :
Proof. By the Propositions 4.1, 4.2, the fixed point theorem of Schauder applies and thus we deduce the existence of a T periodic solution for the perturbed Vlasov-Maxwell system. The other statements follow by the Proposition 3.12.
The following proposition establish an a priori estimate for boundary terms. 
Proof. Consider the test function ϕ(t, x, p) = E(p)χ R (|p|)
. By using the Green formula (2.7) we have :
Observe that we can pass to the limit for R → +∞ in the last integral since E ζ ε ∈ L ∞ (R t × Ω) and
By passing to the limit for R → +∞ and by using the monotone convergence theorem we deduce that :
Similarly, by using the test function ϕ(t, x, p) = χ R (|p|) and by letting R → +∞ we obtain that :
By combining with (4.4), finally one gets (4.5). 
Proof. By using the Green formula (2.7) with the test function ϕ(t,
c (]0, T [) and by letting R → +∞ we obtain : 6) or :
Similarly we obtain for a.e. t ∈ R t :
The conclusion follows by combining (3.10) (written for the current density j ζ √ ε ), (4.6), (4.8). 
Proposition 4.6. Under the hypothesis of the Theorem 4.3 we have αρ
+ ∂ t ρ + div j = 0, in D (]0, T [×Ω), div E = (ρ ζ √ ε )/ε 0 , div B = 0. Proof. Since α T 0 Ω R 3 p f dtdxdp+ T 0 Σ + (v(p)·n(x))γ + f dtdσdp = T 0 Σ − |(v(p)·n(x))|g dtdσdp,α · ρ + ∂ t ρ + div j, ϕ = T 0 Ω R 3 p f (α · ϕ(t, x) − ∂ t ϕ − v(p) · ∇ x ϕ) dtdxdp = 0, or αρ + ∂ t ρ + div j = 0 in D (]0, T [×Ω) (in
×Ω), T periodic). We verify easily that we have also α·(ρ ζ
. Now, by taking the divergence of the perturbed Maxwell equations we have :
and thus :
and we deduce by periodicity that div E = 
The idea is to get the existence for the perturbed classical Vlasov-Maxwell system by letting c → +∞ in the perturbed relativistic Vlasov-Maxwell system (but keeping c 0 fixed in the perturbed Maxwell equations).
and there ish 
is a T periodic solution for the perturbed classical Vlasov-Maxwell system
Proof. Since
, by the Theorem 4.3 we deduce that there is a T periodic solution (f c , E c , B c ) for the system :
with j c = q R 3 p f c (t, x, p)v c (p) dp. Indeed the Propositions 4.1, 4.2 hold true by defining the application F c as before and by taking
Moreover, the Proposition 4.4 applies as well and thus we have :
We deduce that E c , B c and n
Therefore, as in the proof of Proposition 4.1 we deduce that :
Take (c k ) k with c k > 0, ∀k and lim k→+∞ c k = +∞. We denote by (f k , E k , B k ) the corresponding solution. After extraction of subsequences we can assume that :
By standard arguments we deduce that :
As usual we prove that lim
and by combining with the weak convergence of f k , γ + f k , after passing to the limit for k → +∞ in the Green formula (2.7), we deduce that f, γ + f verify the weak formulation of the perturbed T periodic Vlasov problem corresponding to the electro-magnetic field (E ζ ε , B ζ ε ) and to the energy and velocity functions E(p), v(p) (since (E ζ ε , B ζ ε ) is regular, by the uniqueness of the T periodic weak solution when α > 0 we deduce that f is also the T periodic mild solution). Now we want to pass to the limit in the perturbed Maxwell equations. By observing that :
we deduce as in the proof of Proposition (4.2) that lim
and after passing to the limit for k → +∞ we deduce that (E, B) is a T periodic weak solution for the perturbed Maxwell equations, corresponding to the current density j ζ √ ε . By the Proposition 3.12 we deduce that (E, B) is T periodic strong solution. The other statements follow exactly as in the relativistic case.
A priori estimates.
In the following we want to establish a priori estimates for the normal trace of the electromagnetic field as well as for the total (kinetic and electro-magnetic) energy. For this we suppose that ∂Ω is strictly star-shaped in respect to some point x 0 ∈ Ω (i.e., ∃r > 0 such that
. After translation we can assume that x 0 = 0 ∈ Ω and thus x · n(x) ≥ r, ∀x ∈ ∂Ω. This hypothesis was already used in order to estimate the solutions of the Maxwell equations by using the multiplier method (see [25] ). We will use also the following lemma, whose proof is immediate and is left to the reader. 
In order to estimate the normal trace of the electro-magnetic field we need the following lemma.
We begin with the stationary case.
Lemma 5.2. Assume that Ω is bounded with ∂Ω regular and strictly star-shaped in respect to
Moreover we have the estimate :
, we can approximate u by smooth
. By using the Lemma 5.1 we have :
where
By using (5.3) and the hypothesis (5.2) with the test function θ(x) = x i we obtain for 1 ≤ i ≤ 3 :
By taking the sum for 1 ≤ i ≤ 3 in (5.4) we obtain :
By using the decomposition u k = (n · u k )n − n ∧ (n ∧ u k ) after easy computations we obtain the identity :
By our hypothesis there is 0 < r ≤ R such that r ≤ (n(x) · x) ≤ |x| ≤ R, ∀x ∈ ∂Ω and thus we have :
which implies that :
For this let us introduce the bilinear application :
We have :
. By taking into account that :
when k, l → +∞ and :
. Moreover, the limit doesn't depend on the approximation sequence (u k ) k and we can associate to u the normal trace n · u := lim k→+∞ n · u k in L 2 (∂Ω). By passing to the limit in (5.8) we find :
, and by passing to the limit for k → +∞ we find that :
Once we have defined n·u ∈ L 2 (∂Ω) we can define the trace of u on ∂Ω by γu = (n·u)n−n∧(n∧u) ∈ L 2 (∂Ω) 3 . By construction we have (n · γu) = (n · u) and n ∧ γu = n ∧ u and therefore :
Moreover, the equality
for θ ∈ C 1 (Ω) we can write for 1 ≤ i ≤ 3 :
After integration by parts we deduce that :
and by passing to the limit for k → +∞ we obtain :
We have similar results for the time dependent case. The proof is left to the reader. 
:
and we have the estimate :
we have 
Moreover, the solution satisfies the following estimate :
for some constant C and exponents q, r, s > 0 and the total energy is uniformly bounded in time :
Proof. Consider the test function
, T periodic. By using the Green formula (remark that this is possible since
+ f dtdσdp < +∞ and thus in both classical and relativistic cases we
we deduce that :
Let us consider i = 1 and compute the term involving the electro-magnetic field : By using the perturbed Maxwell equations as well as the Proposition 4.6 the main term M 1 can be written as :
· ρ L .
In the relativistic case we have also j L · ε 1 −1/4 . In the classical case we can estimate j by interpolation :
E(p)f dp 4/5 , and thus j L Hölder and Young inequalities we deduce that : By the Remark 4.5 we deduce that for t ∈]t 0 , t 0 + T [ we have : and the last conclusion follows by time periodicity.
6. The Vlasov-Maxwell system.
In this section we prove our main result concerning the existence of T periodic weak solution for the Vlasov-Maxwell system. 
f (t, x, p) = g(t, x, p), (t, x, p) ∈ R t ×Σ − , n∧E(t, x)+c 0 ·n∧(n∧B(t, x)) = h(t, x), (t, x) ∈ R t ×∂Ω.

Moreover the continuity equation is satisfied
Proof. We take η > 0 a small parameter and we consider 0 < α, ε 1 , ε 2 
